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Butterfly Sparse Fast Fourier Transform

Stefan Kunis and Ines Melzer - School of Mathematics/Computer Science, Osnabriick University

1. Problem

given:

» dimension d € N

» spatial domain X = [0, N], N =2, L € N
» frequency domain T' = [0, N]¢

» sampling nodes on d — 1 dimensional smooth manifolds

)A(:::{XiEX:izl,...,Ml}, f::{ﬁjET:jzl,...,Mg},
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Example for sampling nodes on a cylinder or on a cone in the 3-dimensional case.
» Fourier coefficients

ijC, 3=1,..., M
task: Compute

M, N
= Z fjeQWiéf'X/N, x € X. (1)
j=1

» O(M;M>) arithmetic operations, Faster computation?

2. Lowrank approximation

Theorem 1. Let N,p € N, p > 5, and let T, X C [0, N]¢ fulfill the admissibility condition
diam(7T")diam(X) < N.

Moreover, let the function g(z) = Z&T/ G12MEX/N T" T be approximated by using p points 1, CT on
a regular tensor product grid. The interpolation I];XTg(XS) = g(x) at p? nodes x4 € X on the Chebyshev

tensor product grid then yields

- 1+Cp)(Cf—1)

lg — I " gllecx) C 1 ¢y (I8l
p
p
with ¢, == 4 (55), Ci= VB, (14 2logp) . 5> K, N\ u

3. Dyadic decomposition

The following ideas are presented for d = 1. For N = 2!, L € N, the dyadic decompositions

Xim = [N/2'm, N/2'(m + 1))
Trin = [N/2" 0, N/22 (0 + 1))

form=0,...,20 =1,
forn=0,...,2°0 —1,

with levels [ =0, ..., L and locations m, n, form two binary trees.

Xoo Th T 15 T3
X0 X1 T 1
Xo0 Xo1 X9 Xo3 Too
4. Butterfly Scheme
Admissible pairs X x T' form a butterfly graph.
T f=r T=X=]04
prx[O,l] f;(x[l,Q] prx[z,g] f;(x[?),él]
X
[ [ [ ] [
T
? o ?
v fZLO,Q] 0,2] fZEO,Q] [2,4] f]£274] [0,2] f]£2,4] (2,4]
[ [ [ [
T
[ [ [ [
X fIEO,l]xT f]£1,2]><T f]£2,3]><T f]£3,4]><T
ol A folis ol

5. Algorithm

The butterfly scheme traverses the graph top down. Starting locally over T', we build approximations from its

two predecessors, include more frequencies and restrict to smaller X -boxes.
Algorithm (BSFFT).

1. exact functions, local in frequency- and global in spatial domain

TLn . Z f eQWlfjx/N n=0,... 72L 1
éﬁéijhnfﬁjh
level ¢ = 0:
R S L T (N L

2. level ¢ =1,...,L

Xe,mTL—en , XenTr—tm | pXe—1,[my2) XTL—t41,2n Xo—1,m2) X TL—t+1,2n+1
Jp =1y Jp +

form=0,...,20 —landn=0,...,2t—1

3. finally
fp( ) = fXLmT(:IZ) forxz € Xi,m, m=0,... ok 1

is an approximation to f in X ,,

6. Error Analysis

Theorem 2. Let L,pc N, N =2" T, X C 0, N]%, e € (0,1], and p > C'log L /e. The butterfly
approximation f,, fulfills || f — f,l|«c < €||f]|1. In particular, the computation of (1) takes O(N?"(log N)¥+2)
floating point operations for fixed target accuracy. ]
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- relative error € for d =1 in
dependence on p

7. Outlook

Can we compute sums of the form

. cputime in s for d = 3 for fixed
p = 8 in dependence on N

M,
Z) _ Z fke%ngkz/]\f’
k=1
where §, € T'and z € X x 1Y, Y C R, fast?

First idea. Factorize e2™&=/N — o2mi&/No=276y/N 3nd yse a combination of the BSFFT and the Fast

Laplace transform, [3]. The main idea of the Laplace transform is the low rank approximation of the
exponential kernel x : Y x Q — R, k(y,&) = e%, by interpolation in Chebyshev nodes.

Theorem 3. Let p € N, p > 2, and Y, ) C R, be admissible in the sense, that diamY < dist(0,Y") and
diam © < dist(0, Q) is fullfilled. The usual interpolation of x in Chebyshev-nodes 4} in Y and &% in Q is

defined by
~1

(I} © I3)k( ZLY Z

r=0

C(Eky), &N,

where LY and Lf! are the appropriate Lagrange polynomlals. It yields

17 2+ 21 []
—lo :
\21p s o

For admissible boxes Y and () the approximation of the sum

H(Zpy ®I]§2)K’ — Klloyxa) <

Z ]EkGQWia:jﬁk/N(I;/ R I]?)/f(yj; gk)
k=1

p—1 n
u(@;, ) Z Lg (y;) Z Gre?m N
s= k=1

with coefficients g, := f f;é LY(&)R(yY, €8). The inner sum can be computed approximatively by the
BSFFT.
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